Abstract. The set theory relations ∈, \, , ∩, and ∪ have corollaries in subspace relations. Geometric algebra is introduced as a useful framework to explore these subspace operations. The relations ∈, \, and are easily subsumed by geometric algebra for Euclidean metrics. A short computation shows that the meet (∩) and join (∪) are resolved in a projection operator representation with the aid of one additional product beyond the standard geometric algebra products. The result is that the join can be computed even when the subspaces have a common factor, and the meet can be computed without knowing the join. All of the operations can be defined and computed in any signature (including degenerate signatures) by transforming the problem to an analogous problem in a different algebra through a transformation induced by a linear invertible function (a LIFT to a different algebra). The new results, as well as the techniques by which we reach them, add to the tools available for subspace computations. (2000): 06-XX, 08-XX, 15-XX, 15A66, 51-XX.
Introduction
Operations on subspaces are useful in applications everywhere. Geometric algebra, the intriguing algebra promoted by David Hestenes to unify and simplify many areas of mathematics [2] [3] [4] , is introduced as a useful framework to explore subspace operations. A large repertoire of operations to compute subspace operations is made available by geometric algebra, but a few holes remain, notably with respect to the meet and join of subspaces. This paper should resolve the outstanding issues. A section on preliminaries makes this treatment reasonably self-contained. Four subspace operations are introduced (some more basic than others), motivated by the set theory relations (\, , ∩, and ∪), common usage, and applied needs. Four operations in geometric algebra are defined in this paper, one to mirror each of the subspace operations. No prior knowledge of geometric algebra is assumed, therefore a brief introduction is included. Experts will note that geometric algebra deals with oriented subspaces and that in general there is no oriented solution to the meet and join problem [7] . This problem is avoided by representing unoriented subspaces by orthogonal projection operators. This allows us to extend the meet and join defined in the previous literature [1, 3] to give meaningful (nonzero) results for any subspaces. The robustness of the procedure is augmented by a new technique, the LIFT ('linear invertible function transformation'). Many operations in this paper have an arbitrary scale and orientation. This is addressed in the penultimate section, where a geometrical significance can be given to the linear result of zero from the previous literature.
Preliminaries
This section includes the definitions and motivation for four subspace operations. Following the four subspace definitions is a review of geometric algebra.
THE SUBSPACE OPERATIONS
The set theory operations of \, , ∩, and ∪ can be applied to subspaces of R n . However, in general the outcome will not be a subspace, since the set theory operations do not respect the linear structure of the subspaces. Four subspaces operations are defined that are motivated by the set theory operations, but that respect the linear structure and thus always produce subspaces. Let A and B be two subspaces of R n .
(1) The Meet Operation. The meet of A and B is the set {x ∈ R n : x ∈ A and x ∈ B}. In words it is the largest common subspace. It shall be denoted by A ∩ B.
(2) The Join Operation. The join of A and B is the set {x ∈ R n : ∃a ∈ A and ∃b ∈ B such that x = a + b}. In words it is the span of the two subspaces (i.e. the smallest common superspace). It shall be denoted by A ∪ B. is the set {x ∈ R n : ∃a ∈ A and ∃b ∈ B such that x = a + b and ∀c ∈ A ∩ B x · c = 0}. In words it is the orthogonal complement of the meet in the join. It shall be denoted by A B. Clearly, A B = (A ∪ B)\(A ∩ B). This paper always uses the symbols \, , ∩, and ∪ to denote subspace operations.
A REVIEW OF GEOMETRIC ALGEBRA
Geometric algebra is based on Clifford algebra over a real vector space. A Clifford algebra is an algebra generated by the scalars and the elements of a vector space with a metric. The algebra has a linear, associative, distributive product, and the square of a vector is the squared length determined by the metric (for more
